Optical aberrations induced by turbulent flows are a serious concern in airborne communication and imaging systems. In these applications an optical beam is required to be transmitted through a relatively long distance, over which the quality of the beam can degrade due to variations of the index of refraction along its path. For air and many fluids, the refractive index is linearly related to the density of the fluid through the Gladstone-Dale relation (see Wolf & Zizzis 1978) , and therefore density fluctuations due to flow turbulence are the root cause of optical aberrations. An airborne optical beam generally encounters two distinct turbulent flow regimes: the turbulence in the vicinity of the aperture produced by the presence of solid boundaries, and atmospheric turbulence.
Aero-optics is the study of optical distortions by the near-field turbulent flows, typically involving turbulent boundary layers, mixing layers, and wakes (see Gilbert 1982) . The depth of the aberrating flowfield is usually smaller than or comparable to the projecting (or imaging) aperture. When an initially planar optical wavefront passes a compressible flow, different parts of the wavefront experience different density in the medium and hence have different propagation speeds. Consequently the wavefront becomes deformed. A small initial deformation of the wavefront can lead to large errors on a distant target. The consequences of such deformations include optical beam deflection (bore-sight error) and jitter, beam spread, and loss of intensity. Wavefront distortions can also cause reductions of resolution, contrast, effective range, and sensitivity for airborne electro-optical sensors and imaging systems (Jones & Bender 2001) .
Research in the area of turbulent distortions of optical waves can be traced back to the 1950s and 1960s (see, for example, Chernov 1960 Tatarski 1961) when the scattering of acoustic and electromagnetic waves due to random fluctuations of refractive index were studied, mostly in the context of atmosphere propagation. Most of the early studies are based on statistical analysis with simplifying assumptions such as homogeneous and isotropic turbulence, and therefore are not directly applicable in realistic aero-optical flowfields. Sutton (1969) characterized different regimes based on optical and flow parameters for the case of homogeneous and isotropic turbulence and developed statistical models to predict far-field optical aberrations.
It was in the late 1980s when aero-optics in the modern sense, i.e., the study of optical distortions due to near-aperture turbulence, came into consideration. Many experimental studies have been performed to develop high-speed wavefront measurement tools (e.g., Jumper & Fitzgerald 2001; Cheung & Jumper 2004) , study the refractive index structures (e.g., Catrakis & Aguirre 2004; Dimotakis et al. 2001; Fitzgerald & Jumper 2004) , develop distortion scaling laws (e.g., Gordeyev et al. 2003) , and devise control techniques to suppress or modify optically important turbulence structures (e.g., Gordeyev et al. 2004; Sinha et al. 2004) . Despite advances in wavefront sensor technology, significant limitations still exist in terms of spatial and temporal resolutions. Computational studies, when performed adequately, can allow us to probe the flow and optical fields in greater detail and hence complement experiments to further our understanding in this area.
Earlier computational approaches for aero-optics typically involved Reynolds-Averaged Navier-Stokes (RANS) calculations using a turbulence model such as the k-ε model, from which crude algebraic relationships were used to obtain the root-mean-square (rms) of intensity and length scales of the index of refraction field. Smith & Truman (1990) used a more sophisticated approach, in which a model transport equation for the rms refractive index fluctuations was solved. The turbulence information was then fed into an optics model based on geometric optics, which predicts properties of the beam such as amplitude loss and spreading. Truman (1992) and Truman & Lee (1990) were among the first to perform time-accurate computational studies of aero-optical distortions. They used direct numerical simulation (DNS) of a homogeneous shear flow and turbulent channel flow to study the induced optical wavefront errors. The simulations were based on incompressible flow equations at relatively low Reynolds numbers, and the fluctuating refractive index was modeled by a passive scalar. The anisotropy of the optical phase errors due to anisotropy of the flow was noted in their work.
Because of its ability to resolve large-scale motions at a reasonable computational cost, Large-Eddy Simulation (LES) has recently been used for aero-optics. Childs (1993) carried out LES of a compressible turbulent mixing layer and performed ray tracing through it. Jones & Bender (2001) used LES to study aero-optical distortions in a fuselage/turret configuration. They used ray tracing to obtain the wavefront error and represented it in terms of Zernike polynomials. Also, they studied instantaneous far-field intensity patterns using the Fraunhofer approximation. Tromeur et al. (2003) used LES to study aero-optics of a supersonic boundary layer. Sinha et al. (2004) used experiments and LES to investigate control of flowfields to mitigate the distortion of a laser beam passing through a cavity shear layer. In these works the major contribution to optical distortions was assumed to be from the large resolved scales of the flow. The grid resolutions were poor in the cases involving complex geometries, and the numerical schemes employed were either total variation diminishing (TVD) or upwinding techniques that are highly dissipative. This can severely impact the effectiveness of the subgrid scale (SGS) model and artificially damp the small resolved scales of the flow (see Mittal & Moin 1997) , which can be important.
The present study is concerned with the numerical simulation of a compressible turbulent wake and its aero-optical effects. We consider the propagation of an optical beam through the flow over a circular cylinder at Reynolds number of 3900 and freestream Mach number of 0.4. The time-dependent refractive-index (density) field is computed using LES, and the time series of distorted optical wavefronts and far-field intensity are obtained using a combination of ray tracing and Fourier optics. An important distinction between the present study and the previous studies is that the numerical scheme is based on a non-dissipative staggered-mesh formulation, which leads to more accurate representations of a wide range of optically important flow scales.
Accomplishments

Flow simulation
The compressible flow over a circular cylinder at Re D = 3900 and M = 0.4 is computed by LES, using a sixth-order, energy conservative, compact finite difference scheme de- et al. (2003) veloped by Nagarajan et al. (2003) . The LES code, originally written for a C-mesh, has been modified for a generalized O-mesh to enhance grid smoothness and hence numerical stability. The numerical scheme uses implicit time advancement near the wall and third-order Runge-Kutta away from the wall. The dynamic SGS model for compressible flow by Moin et al. (1991) with modification of Lilly (1992) is used to account for the effect of the SGS on the flow. The computational domain has a radius of approximately 20D (D = cylinder diameter) and a width of πD in the spanwise direction. The discretization of the code is based on a generalized curvilinear coordinate formulation. The mesh size is 288 × 200 × 48 in the wall normal, azimuthal, and spanwise directions, respectively. A sponge layer is applied at the outer boundary to make it non-reflecting. The total integration time was over 70 shedding cycles. From the last 14 shedding cycles of the simulation, approximately 800 snapshots of the density field were saved for aero-optical study.
The literature includes several numerical and experimental investigations of incompressible flow over a cylinder at Reynolds number of 3900, which are used to help validate our results. Because all those studies are in the incompressible regime, we performed a Mach 0.2 simulation for validation and a Mach 0.4 simulation for aero-optical study. The validation is appropriate, because at Mach 0.2 the compressibility effect on flow statistics is expected to be relatively small. Table 2 .1 compares the major statistics of our simulations with the previously published ones. For the case of Mach 0.2 the global statistics are consistent with other studies. At Mach 0.4 there is a small difference in the drag coefficient, which is attributed to the effect of compressibility. Figure 1 shows the energy spectra of the vertical velocity in the wake centerline five diameters behind the cylinder. As shown in the figure, the present simulation successfully captures the details of the experimental spectrum, including very high frequency components. The two spectral peaks (at the vortex shedding frequency and its third harmonic) are captured very accurately. Contours of the instantaneous vorticity magnitude in a spanwise cut at a given time are shown in Fig. 2 . The two separated shear layers and the development of the Karman vortex street are clearly seen and are in qualitative agreement with experimental observations. 
Optical computation
For optical analysis, four different cases are considered as shown schematically in Fig. 2 . In the first case, an optical beam is emitted from the surface of the cylinder at an angle of approximately 17
• with respect to the direction of downstream flow. For better numerical accuracy, the initial intensity of the beam is assumed to be a Gaussian profile that decays to 1/e 2 times the maximum value at a distance of 0.15D from the optical axis. In our computations the optical intensity is truncated at 0.35D away from the axis where the intensity is less than 0.01% of the peak intensity. In the second case the optical beam of the same aperture diameter is shot vertically through the near wake behind the cylinder. The axis of the beam is 1.5D downstream from the cylinder axis. In the third case the beam is moved further downstream to 3.5D from the cylinder axis. Finally, in the fourth case the size of the optical aperture is doubled to 0.6D with its optical axis remaining in the same position as in Case 3. Figure 3 shows a snapshot of the fluctuating density field in the cylinder wake with an optical beam (corresponding to Case 3) marked as a dark spot.
A combination of ray tracing with Fourier optics, which has been used in previous computations (see, for example, Jones & Bender 2001) , is an accurate tool to compute optical wave propagation in the parameter range of interest. In this method the domain of beam propagation is divided into two parts: the small near field in which ray tracing can be applied accurately, and the far field in which the density is assumed spatially uniform and Fourier optics can be applied. Spline interpolations are used to obtain the value of the density and its gradients along the ray path. Once ray tracing yields the distorted wavefront after passing the turbulence region, Fourier optics is used to find the farfield intensity pattern for given the optical wavelength and distance of propagation. The Fraunhofer approximation (see Saleh & Teich 1991 ) is used if the distance of propagation is sufficiently large; otherwise our Fourier optics is based on the exact solution of wave equation.
In the optical calculation the near field is taken to be within 20D, while the farfield distance varies from 10 3 D to infinity. The optical wavelengths considered vary from 2.5×10 −6 D to 4×10 −5 D. We assume a linear relation between the index of refraction and density (see Wolf & Zizzis 1978) in the non-dimensional form: n − 1 = 2.8 × 10 −4 × ρ/ρ ∞ , where ρ and ρ ∞ are the instantaneous and freestream densities, respectively. In general, the constant in the relation depends on the reference density ρ ∞ , which is based on air under atmospheric conditions in this study. Depending on the optical wavelength, 256 to 2048 Fourier modes in each direction in the plane perpendicular to the beam are used for far-field computations. Figure 4 shows the spatial evolution of the far-field intensity of a distorted beam in Case 1 and contrasts it with that of an undistorted one, for an optical wavelength of 2.5×10 −6 D. The distorted beam shows a highly irregular and speckled intensity pattern, as described by Zeldovich et al. (1995) . After a sufficient distance of transmission, the distortion leads to a significant loss of intensity. The beam starts to diverge at 4000D. In contrast, the undistorted beam remains focused for a distance of up to approximately 32, 000D. In other words, the effective range of the optical beam is reduced by one order of magnitude due to turbulence-induced distortions. Figure 5 shows the far-field intensity patterns for the same beam configuration with two different optical wavelengths. For the shorter wavelength beam (left) the interference patterns show smaller-scale oscillations, while the global structure of the patterns is nearly the same for both wavelengths. The speckled pattern appears at optical wavelengths smaller than 10 −5 D and as expected, from diffraction theory, the speckle size was found to be approximately proportional to the wavelength. Figure 6 shows the effect of optical aperture diameter on the instantaneous intensity pattern by comparing distortions in cases 3 and 4 induced by the same instantaneous flowfield. By changing the aperture, while the qualitative spread of the beam is not changed, the speckle sizes and the interference pattern are changed significantly.
Instantaneous results
The above results illustrate that aero-optical distortions are strongly dependent on parameters such as the optical wavelength, distance of propagation, and aperture diameter. In a related study, Mani et al. (2006) derived several analytical relations between the spread of a distorted beam and these parameters, as well as the statistics of the flow. For statistical study of optical distortions, those relations can help reduce the computational effort by providing algebraic descriptions. However, in this study, we present more gen- eral statistics of optical distortions by examining the time averaged intensity pattern. We limit ourselves to the case of the Fraunhofer limit for distance of propagation in order to reduce the parameter space by one dimension. A detailed description, including different distances of propagation and the effect of distortion on the range of optical beams, is given in Mani et al. (2006) . Figure 7 shows time averaged intensities for three wavelengths in the far field for Case 1 and compares them against the intensities of undistorted beams. As expected, for all the wavelengths studied, the undistorted beams provide higher intensities in the far field. It can be seen that for the case of undistorted beams, diffraction causes the longer wavelength beams to spread more. As a result, when there is no distortion, for shorter wavelength beams we have higher intensity, which translates to better performance of the optical device. In contrast, for the case of distorted beams the effect of the optical wavelength on the peak intensity is not as strong and is not monotone with the wavelength. In fact, there is an optimal wavelength that leads to a maximum time averaged peak intensity. Figure 8 compares the time averaged intensity for the four different cases. The plots also provide the statistics of the tilt corrected patterns, where the tilt error is removed at every time step. From the plots it can be concluded that the tilting effect is significant, but not necessarily dominant, compared to the spreading effect. In general as the beam is moved further downstream, the aero-optical distortions decrease due to the decay of the turbulence. A comparison of cases 3 and 4 shows that the time averaged intensity pattern without tilt removal is almost unchanged, eventhough the aperture size is changed. This is in contrast to the case of undistorted beams for which larger aperture size leads to better focus properties. This is most likely due to the fact that the aero-optical effect dominates the diffraction effect in this regime. Furthermore, the improvement of the beam quality by tilt removal is less prominent in Case 4 compared to Case 3. Since tilt removal acts as a high-pass filter with filter size of the order of aperture diameter, this observation suggests that the optically important structures at this particular location are dominated by length scales smaller than or comparable to the aperture size in Case 3 (for more information, see Siegenthaler et al. 2005 ).
Time averaged statistics
2.3. Grid convergence A grid convergence study was conducted to ensure that the unresolved scales in the LES are optically unimportant. The resolution was doubled in every direction to a grid of 575× 400 × 96 in the wall normal, azimuthal, and spanwise directions, respectively. Since aerooptical distortions are due to density fluctuations, we compare density spectrum from the coarse mesh simulation with that from the fine mesh simulation. It can be seen that increasing grid resolution improves the capturing of small-scale fluctuations of density. However, the aero-optical effect of the additional small-scale fluctuations appears to be negligible compared to the effect of larger scales, as shown in Fig. 10 , which compares the time averaged intensities from the two simulations. This indicates that the coarser mesh simulation has satisfactory resolution in terms of capturing the important aero-optical effects.
Conclusion
In summary, a high-resolution LES of compressible flow past a circular cylinder at Re D = 3900 and M = 0.4 has been performed, and the flow statistics have been validated against previous experimental and numerical results. Using the space-time history of the refractive index (density) field from LES, instantaneous and statistical descriptions of the flow-induced optical aberrations have been studied for different optical wavelengths and propagation distances. Our results show that the turbulent wake flow can significantly degrade the performance of optical beams. Depending on the wavelength, the maximum irradiance of the optical beam can be reduced by one or two orders of magnitude. Also, turbulence can severely limit the effective range of an optical beam. Unlike the undistorted case where shorter wavelengths are desirable for greater depth of focus, for an aberrated beam there is an optimal wavelength for the highest peak intensity.
